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Abstract 
An effective way of using the solar energy involves accurate calculations and careful design process. In this paper there is 
described the solar incidence diagram, providing a way to assess variable angle of solar incidence and the problem of shading 
caused by either obstacles or shading devices. The results presented in the form of the diagram are verified with an independent 
model. Positive verification allows for a recommendation of the solar incidence diagram for practical applications. 
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1. Introduction 
One of the key factors determining conscious use of solar energy is knowledge of the direction of the solar 
radiation. The direction of the incoming solar radiation is directly related to the solar incidence angle, with regard to 
the surface receiving solar energy. [1, 2] Obvious factor reducing solar gains or loads is shading by objects in the 
vicinity of the receiver. In this paper there is described the solar incidence diagram, which can address important 
aspects of the complex matter of the solar assessment availability. The model of the variable solar operation 
described in this paper was devised as a script written in the Python programing language. Such an approach makes 
the idea of the diagram easily accessible and at a low cost. In addition Python scripts are relatively easy to 
understand, thus easy in maintenance and further development [3]. 
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The validity of the results of the Python script, i. e. the diagram, was confirmed with another model, devised in an 
application for geometrical analysis in three dimensions. The application GeoGebra v. 5 provided convenient 
processing of the input data, along with clear presentation of the results, both in graphical and numerical formats. 
The diagram plotted with the computer script remained consistent with the results obtained with the geometrical 
model. 
The paper was concluded with a description of some of possible applications of the idea of the solar incidence 
diagram. 
 
Nomenclature 
ALT solar altitude angle  
AZI solar azimuth angle 
DEC solar declination  
HRA hour angle 
INC  solar incidence angle 
LAT geographical latitude 
ORI surface orientation (e.g. building face azimuth angle) 
SRH sunrise hour angle 
TIL  tilt angle (from horizontal) 
2. Calculations and plotting 
The solar incidence diagram, described in this paper, consists of 4 main components. The background, or basis, is 
formed by 7 curves of the solar incidence angle, INC, plotted against the solar azimuth angle, AZI (each curve was 
plotted for a different day of the year, thus the curves represent the whole year). Upon this basis there are 
superimposed the aperture profile and two kinds of shading profiles. Calculations necessary for each component of 
the diagram are described in following paragraphs. 
2.1. Assumptions 
The analysis presented in this paper involved a receiver surface of a rectangular, vertical window (TIL = 90°). 
The window was equipped with shading devices: fins (wingwalls), and a canopy (overhang). The window, was 
oriented to the West (ORI = 270°). Dimensions of the aperture were: W×H×D= 3×1.3×0.5 m. Both the fins were of 
the same dimensions and symmetrical about the center of the window. Similarly the canopy width was symmetrical 
about the centre of the window and its width was uniform along its length. As examples of obstructions to the 
incoming solar radiation there were chosen two buildings (fig. 1, 2).  
 
The centre of the  model was at the origin of the system of coordinates. The direction for the North was chosen 
along the negative Y-axis, and for the west along the positive X-axis, thus the vector representing North was N = [0, 
-1, 0]. All the azimuth angles were in the range 0°–360°. The point of reference AMM0, at the middle of the lower 
horizontal surface of the window, was at the centre of the coordinates system, but with the Z-value equal to the 
distance from the ground to the lower window edge, H0. The normal vector representing the aperture had its initial 
point at AMM0. Similarly all the vectors for the characteristic points had the initial point at AMM0 and the terminal 
point at the characteristic point (fig. 1, 2).  
 
The atmospheric conditions were beyond the scope of  the analysis presented in the paper. 
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Fig. 1.  Example – situation: window with shading devices and two building casting shadows. 
 
 
Fig. 2. Dimensions of the window and shading devices (a), and the example situation plan (b) 
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2.2. The chart 
The solar incidence diagram represents the variability of the solar incidence angle with respect to a point at a 
surface of a receiver. The values of the incidence angle are plotted against the solar azimuth angle, AZI. Values of 
both the angles are calculated with formulae (1), (2) [1, 2]. The independent variable for the calculations of the  
(AZI, INC) curves is the hour angle, HRA (values of the declination is assumed constant for a day [1], and values of 
the latitude LAT, tilt of the surface TIL, and its orientation ORI are constant for a fixed surface). Thus an array of 
values of the hour angle HRA, ranging from –180° to +180° was fed as the input for formulas for the AZI and INC 
angles (with LAT, TIL and ORI given as parameters). Average values of the solar declination were calculated for 
seven days of the year (for recommended days of December, January/November, February/October, 
March/September, April/August, May/July, and June – seven curves). After the calculations, the series of values 
could be plotted on the diagram (fig. 3). 
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On the diagram there were plotted curves of the constant solar time values. The constant time curves are 
perpendicular to the (AZI, INC) curves [2]. In fig. 3 there are time curves for each hour from 8:00 to 20:00. 
 
 
Fig. 3. Solar incidence diagram for the example situation with aperture and shading profiles superimposed. Test points C0, C1 indicated 
(description in the text). 
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The formula for the solar incidence angle, INC, returns a value for any value of the hour angle, HRA, also before 
and after actual sunrise, or sunset. A value of the sunset hour angle, SSH, is symmetrical about the solar noon, thus 
sunrise hour angle, SRH, is the opposite of SSH. SRH can be calculated with (3) [1]. Two pairs of values of the AZI, 
INC angles (a pair for SRH and SSH), specify the solar azimuth and incidence angles of sunset/sunrise, for every 
(AZI, INC) curve. The moments of sunrise/sunset were indicated with a dot at each (AZI, INC) curve of the diagram.  
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An example situation was provided to illustrate the idea of the solar incidence diagram and the calculations 
necessary to plot it (fig. 1). Details are presented in fig. 2. The calculations necessary for the profiles superimposed 
on the diagram (i.e. the aperture and shading profiles), involved use of the vector calculus. Calculating the 
coordinates of vertices of the objects in the example were also carried out with geometry transformations. 
2.3.  The profiles 
Obstacles in the vicinity of the receiver surface cast shadows on it, reducing the amount of the received solar 
energy. Similarly do the shading devices of a window. Their influence can be reflected in the form of the shading 
profile, which is superimposed on the diagram. The opposite of the shading profile is the profile of the aperture, 
indicating values of the solar azimuth and incidence, at which the solar radiation can reach the point of reference.  
 
Each profile is defined by the geometry of the receiver and other objects. The geometry of the aperture, e.g. a 
window, is defined by its size: width, height and depth. Shading surfaces of the geometry devices are defined by 
their vertices, and the shading profile of the obstacles is defined by their sizes and distances from the point of 
reference (additional may be used for convenience). A framework for a profile consists of pairs of (AZI, INC)  for 
each vertex, i.e. characteristic point. The values of the angles can be entered on the diagram, as points. Curves 
joining the points are formed with values calculated for intermediate points. In the following paragraphs there are 
described calculations for each profile. The point of reference in all the calculations, either of the diagram, or the 
profiles, is the point in the middle of the depth of the window (wall), in the centre of the window lower surface 
(AMM0=(0, 0, H0)).  
 
The geometry of the aperture (window), its shading devices (canopy and fins), and obstacles in the vicinity of the 
receiver is independent of time of the year or day, for fixed surfaces. The angles at characteristic points are 
calculated through vector calculus. In case of a vertex of a structure (e.g. the canopy), two vectors were used: 
normal to the window surface, vApNr, and a vector for the vertex, vX (the point AMM0 was the initial point for 
both the normal vector and the vector for vertex; the latter one had the terminal point at the vertex X, where X was 
stood for a characteristic point of the window, canopy, fin, or, in case of buildings, BAR1, BAM1… BBR1p, 
BBR1… etc.) (fig. 1). Calculations of angles between vectors involved the dot product of the vectors (4) [4]. The 
azimuth of a certain vertex was calculated as the angle between the vector representing North, vN, and the 
horizontal projection of the vector for the point (vertex), vX. The incidence angle for a characteristic point was 
calculated as the angle between the normal vector to the aperture, vApNr, and the vector for a characteristic point 
vX (4).  
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For the calculations of the aperture profile the points taken into consideration were along the upper outer edge of 
the window. In case of the fins the calculations were carried out for all the corners at the side closer to the aperture 
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(inner side), plus one point in the middle of the height, per one fin. The canopy was defined with points at the outer 
perimeter, starting at the wall; also intermediate points were considered. 
3. Verification 
An independent geometrical model was constructed to verify the results presented as the solar incidence diagram. 
The second model was designed in geometry modeling application with capabilities of visualization in three 
dimensions, GeoGebra v. 5.0.172.0-3D. Especially useful features of the application allowed for easy input of the 
parameters defining the situation, simple and intuitive construction of the vertices and objects, simplicity of altering 
the situation (model), and computing measurements of distances and angles, of which angles proved to be the most 
important.  
 
The second simulation was created in a completely independent manner of the model written as the Python script. 
All the objects (e.g. points and vectors), were defined in an entirely different environment. 
3.1. Vertices comparison 
All the vertices and other points defining modeled objects, e.g. the aperture, shading devices, buildings, were 
created as a consequence of transformation of the point at the centre of the system coordinates, OOO = (0, 0, 0). The 
comparison of the values calculated in the Python script with values obtained in with the second model showed that 
they were identical. Examples for vertices of the buildings/obstacles were listed in Appendix A. 
 
The second model was created in an analogous manner, though independently of the first. All the geometric 
entities defining the objects, i.e. the receiver wall with aperture, the shading devices, and the obstacles-buildings in 
the vicinity, were entered into the application. Every point and distance was defined with respect to the point of 
reference, AMM0 – as in case of the python script. The vertices necessary for all the calculations were obtained 
through subsequent translations of the point of reference, with the input data (width and height of the aperture, 
dimensions of the shading devices, distances to the buildings and their dimensions). A list of example vertices used 
in the calculations was presented in Appendix A. Vertices calculated with the script were identical, as vertices 
obtained with GeoGebra (‘Vertex’ columns). 
3.2. Angles comparison 
A point on the diagram is defined with values of two angles: the azimuth and incidence angle. For all the 
characteristic points (at the aperture, shading devices, buildings), values of both angles were measured with the 
application for geometry analysis. Values calculated with the Python script and the ones measured in the second 
model were consistent, which was shown in Appendix A (AZI, INC columns). 
3.3. Verification with test points 
Two test points were chosen at the solar incidence diagram, C0 and C1. Both points were chosen for a curve no. 
(3), i.e. for March 21. For each point values of the (AZI, INC) angles were read, and a value of HRA was calculated 
(with a method for finding successively better approximations). The value of the hour angle allowed for the 
calculations of the solar azimuth and altitude angles, AZI and ALT, which defined vectors for solar beams, shown in 
the example situation (fig. 1). Two dimensional diagram with both test points proved to be consistent with three 
dimensional model. Point C0 was chosen next to building B and point C1 was placed just under the canopy profile. 
The other model, devised with application for geometry analysis, reflected the position of the vectors for the 
sunbeams, just as it was defined with the diagram (fig. 3 vs. fig. 1). 
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4. Applications 
The solar incidence diagram form a picture of solar incidence angle with regards to a point of reference, which is 
both complex and varies with time. This is the reason there are a few applications of the diagram. 
4.1.  Solar incidence angle analysis 
The diagram described in this paper could be used to perform an analysis of the variable solar incidence angle 
with regards to the point at the surface under consideration. There are three aspects of the analysis, at least. Firstly 
plotting the chart for recommended days of the year gives a picture of varying solar incidence angle throughout the 
whole year (the time period could be specified otherwise, if desired, e.g. for certain days of a season or month). 
Secondly during the analysis for the same day of the year the angle of the tilt of the surface, TIL, could be altered 
and the results assessed. Thirdly similar analysis could be performed for varying orientation of the surface, ORI.  
4.2. Influence of the obstacles 
An analysis of the influence of the obstacles obscuring the sun can be studied when the shading profile of the 
obstacles is superimposed on the diagram. In this kind of the assessment all the parameters defining the obstacles 
(such as distances and dimensions), can be altered and the outcome assessed. Varying shading profiles indicate 
when solar radiation is obscured, and at what incidence angle. A significant improvement of the energy efficiency of 
a building may be achieved without, or with a little increase of construction cost [5]. The diagram could prove to be 
a tool for minimizing unwonted heat loads and maximizing desirable heat gains, depending on the season [6].  
4.3. Influence of the shading devices 
The influence of shading devices can be studied with another shading profile. This profile indicates when and at 
what incidence angle the incoming solar radiation is shaded. The analysis could start with a scenario without any 
shading devices (when the aperture profile shows when the solar radiation could reach the point in question), and 
could progress through a sequence of steps to the desired result. The shading is altered through a change of the 
devices dimensions, and their distances from the aperture, which can be illustrated with the diagram. The shading 
devices profiles are complemented with the aperture profile. A complete picture of the variable access of the solar 
radiation, light, to a room is valuable in the design of the daylight systems [7, 8]. 
5. Summary 
In this paper there were described the details of the solar incidence diagram. A definition of the nature of the 
diagram in its basic form was followed with a description of profiles, which can be superimposed: the aperture 
profile, the shading profile from the obstacles and the shading profile representing shading devices. All the 
components of the diagram are based on series of calculations, which were described. 
 
A test of the results obtained with the diagram plotted with a programing script was performed thanks to the 
creation of an independent geometrical model. The application chosen for the second simulation provided means to 
verify calculations confirming the geometry of the first model (i.e. points), and the measurements (i.e. values of 
angles between vectors). The summary of the tests for example points is presented in Appendix A.  
 
It became clear that the application used for verification provided a good possibility for the visualization of the 
model in the form of three dimensional pictures, and the results of the verification was satisfactory.  
 
The paper was concluded with a description of some of the possible application of the diagram. The description 
included an analysis of the variation of the incidence angle with variable day of year, with the tilt of the receiver 
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surface, and its orientation. A research into the influence of the shading objects and shading devices was described 
as well. 
 
The solar incidence diagram presented it the paper can assist the process of the assessment of the solar radiation 
variability. In some aspects the diagram is a form of a model of solar radiation. Its applications may involve solar 
heating, cooling, passive technologies and daylighting [6, 9, 10]. As such it may be one of  tools for the IEA SHC 
Programs 46 and 50. 
Appendix A. Vertices, azimuth and incidence angles comparison 
     Table 1. Comparison of the vertices (points), and values of azimuth and incidence angles, calculated with the Python script and by the 
Geogebra application – example for vertices at the top of the shading buildings A and B 
Nr Vertex name Calculated values – Python script Calculated values – GeoGebra 
Vertex AZI INC Vertex  AZI, [°] INC, [°] 
 Building A       
1 BAR1 (15.00, -3.50, 5.00) 283.13 18.26 (15, -3.5, 5) 283.13 18.26 
2 BAM1 (15.00, 0.00, 5.00) 270.00 13.13 (15, 0, 5) 270  13.13 
3 BAL1 (15.00, 3.50, 5.00) 256.87 18.26 (15, 3.5, 5) 256.87 18.26 
 Building B       
4 BBR1p (26.00, 9.50, 17.00) 249.93 34.96 (26, 9.5, 17) 249.93 34.96 
5 BBR1 (21.00, 9.50, 17.00) 245.66 40.88 (21, 9.5, 17) 245.66  40.88 
6 BBL1 (21.00, 15.50, 17.00) 233.57 46.23 (21, 15.5, 17) 233.57 46.23 
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